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The Theoretical Spectra of Modern Optimizers

So many new optimizers are ‘under proposal’.
However, where and what is the full picture?

Extensive empirical studies are essential but not enough; Evaluating
optimizer designs is increasingly burdensome for large-scale training
scenarios, and conclusion consistency is hard to guarantee.

Pure theoretical studies are also struggling to provide the correct
guidance for complex network structures or the ‘infinite’ number of
factors that influence optimization or generalization.

We have to carefully choose the interpretations of the empirical
success of popular optimizers, and investigate their connection to
any universal principles.

In this note, two key references are revisited and explored to
provide a hint on the full picture of modern optimization. 1

Several recent optimizers (and their ‘trend’) will be touched toward
the final, with interpretation available from both frameworks.

Key References:

Chao Ma / MSR Cambridge / Towards Efficient Optimizer Design
for LLM via Structured Fisher Approximation with a Low-Rank
Extension [1]

Thomas Pethick / EPFL / Training deep learning models with
norm-constrained LMOs [2]

1As a brief remark, the update rule of popular optimizers is omitted in this note.
2 / 18



Spectrum I: Fisher-Approximated Optimization

1. Fisher-Approximated Optimization

The Fisher information matrix (FIM) [3, 4] encodes how parameter
perturbations affect the model’s distribution, which provides:

Curvature approximation: structured second-order approximation
and avoids explicit Hessian computation.

Geometry-aware metric: measures distance under the KL
divergence, which is invariant to reparameterization.

For probabilistic models, the FIM is defined as:

F = Ex∼p

[
(∇θt log p(x | θt))(∇θt log p(x | θt))⊤

]
(1)

Natural Gradient Descent (NGD) rescales gradients by the inverse
Fisher for faster training, and as steepest descent under the KL
divergence between p(x | θt) and p(x | θ∗):

θt+1 ← θt − ηF−1L(θt), (2)

The empirical Fisher F = E[g⃗ g⃗⊤] is widely approximated by modern
optimizers as preconditioners, while structure is the key design choice.

Diagonal, rotated, low-rank, blockwise, or Kronecker-factored;
Better structure can capture more correlation, but also increases
memory, compute, or implementation complexity.

This spectrum is therefore a tradeoff between fidelity to
curvature and practical efficiency.

F−1/2 is also frequently preferred to F−1 under the gradient whitening
principle [5] and acts as a softer preconditioner for noisy Fisher.
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Spectrum I: Fisher-Approximated Optimization

Diagonal Fisher Estimates: Cheap, Stable, and Popular

Adam and AdamW are commonly read as using a diagonal empirical
Fisher through element-wise second-moment estimates [6, 7].

Under the diagonal restriction H = {Diag(v) : vi > 0}, the optimal
approximation is F̃ = Diag(E[g2]).

Adam’s second-moment accumulator vt = β2vt−1 + (1− β2)g2
t

provides an exponential moving estimate of the diagonal Fisher.

Thus Adam yields the update ∆θt = −η mt√
vt+ε
≈ −ηF̃−1/2

t mt .

We consider a more simple optimizer, column-normalized SGD, with a
much natural Fisher interpretation with block-diagonal structure.

Under the block-isotropic restriction, the Fisher matrix is
approximated by assigning a single curvature scale to each column.

Since αj ∝ E[∥gj∥22], the column norm provides an online estimate
of the Fisher trace within each column block.

Thus column-normalized SGD yields ∆Wj = −η gj
∥gj∥2
≈ −ηF̃−1/2

j gj ,

corresponding to inverse-square-root preconditioning under a
column-wise isotropic Fisher approximation.

The benefit of diagonal Fisher estimates is clear: low complexity, low
overhead, and strong robustness in large-scale training.

The limitation is equally clear: diagonal structure ignores
cross-coordinate coupling inside layers or matrices.
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Spectrum I: Fisher-Approximated Optimization

Beyond diagonal: Kronecker product structure

Let’s consider typical matrix-based optimizers: Shampoo.

Under the Kronecker restriction H = {R1/2
n ⊗ L

1/2
m : Rn, Lm ≻ 0},

the Fisher is approximated by a Kronecker-structured metric.

Shampoo maintains two preconditioners Rt ≈ 1
m
E[G⊤G ] and

Lt ≈ 1
n
E[GG⊤], which estimate the two Kronecker factors of the

Fisher geometry [8, 9].

Thus Shampoo yields ∆Wt ≈ −η(Lt + εI )−1/4Gt(Rt + εI )−1/4,
which approximates F−1/2 preconditioning under a
Kronecker-factorized Fisher approximation.

K-FAC is arguably the canonical example of Fisher approximation.

K-FAC maintains At ≈ E[aa⊤],Bt ≈ E[δδ⊤], where a and δ denote
the input activations and output gradients, yielding Ft ≈ Bt ⊗ At .

Thus K-FAC yields ∆Wt ≈ −η B−1
t GtA

−1
t , which corresponds to

F−1 preconditioning instead.

Both Shampoo and K-FAC assume that the Fisher can be approximated
by a Kronecker product F ≈ R ⊗ L, reducing the number of degrees of
freedom from O(m2n2) to O(m2 + n2).

This structure preserves second-order correlations within the row
and column spaces, while discarding cross-mode interactions that
cannot be represented by a separable Kronecker form.

Therefore, Kronecker-based optimizers form an intermediate class
between diagonal Fisher approximations and full NGD methods.
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Spectrum I: Fisher-Approximated Optimization

Generalize Adam with Eigen-space Rotation

We first consider a block-diagonal matrix with a shared eigen-space Uf :

H = {DiagB(M1, . . . ,Mn);Mi = UfDiU
⊤
f }, (3)

where Di is a positive eigenvalue matrix.2

The general solution can be approximated by

U∗
f = EVD(E[GG⊤]), D∗ = DiagM(E[(U∗⊤

f G )⊙2]), (4)

where EVD is the eigenvalue decomposition.

This solution U∗
f leads to an optimizer, called Eigen-Adam [1],

corresponding to inverse-square-root preconditioning

Mat(F̃−1/2g⃗) = Uf
U⊤

f G√
E[(U⊤

f G )⊙2]
. (5)

The update procedures of Eigen-Adam are summarized as

mt = β1mt−1 + (1− β1)Gt

Qt = β3Qt−1 + (1− β3)GtG
⊤
t

Uf ,t = EVD(Qt)

vt = β2vt−1 + (1− β2)(U
⊤
f G )⊙2

∇t = Uf ,t

U⊤
f ,tmt√
vt

(6)

Eigen-Adam can be viewed as applying Adam’s update on a space
‘rotated’ by eigen-matrix Uf .

The above update procedures closely relates to two related works:
AdaDiag [10] and one-sided SOAP [11], which are heuristic
memory-efficient variants of the full algorithms AdaDiag++ and SOAP.

2Adam is a special case for Uf = I.
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Spectrum I: Fisher-Approximated Optimization

SOAP and AdaDiag

Let’s checkout SOAP, which practically applies Adam-like adaptive
scaling in a Shampoo-derived eigenbasis [11].

SOAP assumes the Fisher is diagonal after a Kronecker-product
change of basis, F ≈ (UR⊗UL)D̃(UR⊗UL)

⊤, for orthonormal
matrices UR and UL, and positive diagonal matrix D̃.

Thus SOAP performs F−1/2 preconditioning using D̃, combining
Kronecker eigenspaces with Adam’s diagonal approximation.

AdaDiag++ is a concurrent work to SOAP [10], while disabling the
EMA tracking for left and right preconditioners by storing UR ,UL and
performing two eigenvalue decompositions.

The one-sided version AdaDiag aligned with Eigen-Adam in terms
of update rule, which trades performance for memory efficiency,
similar to one-sided SOAP.

SOAP/AdaDiag++ follows a more general structural assumption
to Eigen-Adam, with preconditioner minimizing an upper bound on
the FIM approximation error.

Table: The underlying structure assumptions of different optimizers with
practical efficiency, assuming n ≥ m. ‘Generalizes’ refers to the optimizer
whose structure is generalized [1].

Adam Shampoo Eigen-Adam/AdaDiag SOAP/AdaDiag++

Structure Diagv(v) R
1
2
n ⊗ L

1
2
m DiagB

(
{Uf DiUT

f }i
)

(UR ⊗UL) D̃ (UR ⊗UL)
T

Generalizes N/A N/A Adam Eigen-Adam + Shampoo

Computation O(mn) O(m3 + n3) O(m3) O(m3 + n3)

Memory 3mn mn +m2 + n2 3mn + 2m2 3mn + 2m2 + 2n2
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Spectrum I: Fisher-Approximated Optimization

More General Structures: Normalization and Whitening

We have previously visited column-normalization, with the operator

Norm(G ) =
G

1
√
s⊤

= GS−1/2,

where si =
∑m

j=1 G
2
ij and S = Diagv (s). We next consider gradient

whitening, which essentially orthogonalizes G

Whitening(G ) = (GG⊤)−1/2G ,

which compute the closest orthogonal matrix under Frobenius norm.

Under the row-covariance restriction, the Fisher matrix is
approximated by F̃ ≈ E[GG⊤]⊗ In, with the square-root
natural-gradient preconditioner F̃−1/2 = (E[GG⊤])−1/2 ⊗ In.

Whitening yields update corresponding to this preconditioner

∆Wt ≈ −η (E[GG⊤])−1/2Gt ≈ −η (GtG
⊤
t )−1/2Gt .

SWAN [12] relies on two processing operators applied to raw current
gradient and completely removes the internal states:

GradNorm(G ) =
G − g⃗1⊤n

s1⊤n
, GradWhitening(G ) = (GG⊤)−1/2G ,

where g⃗ = 1
n

∑n
i=1 G:,i is the mean across rows, and

s =
√

1
n

∑n
i=1(G:,i − g⃗)2 is the standard deviation across rows.

SWAN derives the update from investigating the LLM dynamics.

In practice, (GG⊤)−1/2 is computed via Newton-Schulz iterations.
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Spectrum I: Fisher-Approximated Optimization

Newton-Schulz iteration and Muon

In many machine learning applications, the computation of square-root
inverse of some SPD matrix is often encountered. One standard
approach is to compute the EVD and take the square-root of the
eigenvalue matrix. However, EVD is computationally expensive, which
drives the alternative approach using Newton-Schulz iterations (NS),

Y0 =
A

∥A∥F
, Z0 = I

Yt+1 =
1

2
Yt(3I − ZtYt)

Zt+1 =
1

2
(3I − ZtYt)Zt , (7)

with convergence Yt → A1/2√
∥A∥F

and Zt → A1/2
√
∥A∥F .

Muon performs whitening using NS iteration on the first-order
momentum with additional memory states, wheras SWAN relies on
normalization applied to the raw gradient.

Typically, NS converges very fast with only 5 steps.

The NS coefficients and steps have been tuned in practice for
different objectives, including efficiency or accuracy [13, 14].

Several algorithms have been introduced to replace NS and
perform the msign operation, e.g., the PolarExpress [15].

Overall, structured FIM approximation served as a practical framework
for optimizer design and characterizes many existing optimizers.
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Spectrum II: Norm-Constrained Optimization

2. Norm-Constrained Optimization: A Geometric Reading

Instead of approximating the curvature of the landscape, choose the
geometry in which the descent direction is steepest.

Conditional Gradient (CG): A series of optimization methods leverage
the linear minimization oracle (lmo) to adapt to the geometry of the
problem under somenorm-ball constraints.

xk+1 = (1− γk)x
k + γk lmo(∇f (xk)), (8)

with stepsizes γk ∈ (0, 1), under the norm constraint ∥x∥ ≤ p for some
p > 0 and some norm ∥ · ∥ (not necessarily the Euclidean norm).

The linear minimization oracle (lmo) is defined as

lmo(s) ∈ argminx∈D⟨s, x⟩, (9)

which is the feasible point that minimizes the linearized objective.

Stochastic Conditional Gradient (SCG) methods

For unconstrained problems, let’s consider unconstrained Stochastic
Conditional Gradient (uSCG) with stepsizes γk ∈ (0, 1) [2]

xk+1 = xk + γk lmo(dk). (10)

uSCG guarantees a weight norm control of ∥x∥ ≤ p
∑n

k=1 γk .

The central object is no longer the Fisher approximation, but the
metric or norm that defines a prescribed geometry.

How can we choose an appropriate norm for deep learning?

10 / 18



Spectrum II: Norm-Constrained Optimization

Steepest Descent under different Norms

Table: Special instantiations of uSCG according to different choices of norm.

Method αk Problem Constraint set D Normalization

Normalized SGD 1 Unconstrained Euclidean ∥ · ∥2-ball −ρ d
∥d∥2

Normalized SGDM [0, 1] Unconstrained Euclidean ∥ · ∥2-ball −ρ d
∥d∥2

SignSGD 1 Unconstrained Max-norm ∥ · ∥∞-ball −ρsign(d)
Signum [0, 1] Unconstrained Max-norm ∥ · ∥∞-ball −ρsign(d)

Muon 3 [0, 1] Unconstrained Spectral ∥ · ∥S∞-ball −ρUV⊤

Steepest descent in a normed space can be expressed through a lmo

xk+1 = xk +
γ

p
∥g k∥∗ lmo(g k). (11)

This formulation connects uSCG to normalized updates of optimizers:

The Euclidean lmo(g) = − g
∥g∥2 recovered normalized SGD [16, 17].

SignSGD and Signum are typically studied under the framework of
steepest descent with ∥g k∥1 stepsize scaling [18].

The LARS optimizer can be viewed as performing normalized SGD
with momentum layerwise with the norm choice maxl ∥Wl∥F [19].

The Spectral norm ball lmo(G ) = −UV⊤, where G = UΣV⊤,
recovered whitening updates and Muon [13].

The spectral lmo used in Scion relates to the Preconditioned SGD
(PSGD) methods, where the lmo is computed at each iteration [2].

Approximating the ‘distance’ between models through the KL
divergence leads to a steepest descent method, which preconditions
with the FIM, known as the Natural Gradient.

3With non-Nesterov based momentum.
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Spectrum II: Norm-Constrained Optimization

Composite Norms: Multiple Geometric Biases

With the rise of Muon, many optimizers have been proposed with the
simple application of composite norms as preconditioning methods.

Composite norms combine multiple normalization operators, inducing a
geometry that interpolates between different steepest-descent
directions. Recent optimizers can be interpreted through this lens:

SinkGD: Applies Sinkhorn normalization to gradients,
approximately projecting onto the set of doubly-stochastic
transport maps and introducing both row- and column-wise
normalization biases [20]. 4

Muon+: Combines spectral normalization with additional
element-wise or dimension-wise normalization, balancing low-rank
directional preference with isotropic scaling [25].

NorMuon: Composes matrix whitening with norm-based scaling,
yielding updates that simultaneously control singular-value
structure and update magnitude [26].

Aurora: Employs multiple normalization operators acting on
complementary tensor dimensions, producing updates that blend
spectral, channel-wise, and dimension-wise geometries [27].

However, the existing theoretical framework is struggling to characterize
these new methods, and provide effective evaluation, comparison, and
performance prediction in large-scale training setups.

I believe a valuable future direction is connect complex structural
geometric assumptions to specific problem settings, empirical
phenomenons, and architectures.

4Many recent works shared a similar investigation to dimension-wise gradient
normalization with different formulations and motivations [21–24].
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Spectrum II: Norm-Constrained Optimization

Layer-dependent Norm Constraints:

Principles of Architecture-Optimizer Co-design

An important perspective of future optimizer design is the
Backbone-Optimizer Coupling Bias (BOCB), where the architectural
dependency of optimization is often overlooked [28].

Consider a linear MLP hℓ(z) = Wℓhℓ−1(z) + bℓ, ∀ℓ ∈ {1, . . . , L}, and
layers defines as Wℓ ∈ Rdout×din . To bound the input to any layer by the
RMSNorm ∥ · ∥RMS→RMS, three operator norms may be considered:

Intial layer h1(z): ∥W1∥α1→RMS < 1.

Intermediary layers hℓ(z): ∥Wℓ∥RMS→RMS < 1,∀ℓ ∈ {2, . . . , L− 1}.
Last layer hL(z): ∥WL∥RMS→βL

< 1.

Table: Example operator norms and lmos of a matrix A ∈ Rdout×din .

1→ RMS (ColNorm) RMS→ RMS (SignNorm) RMS→ RMS (SpectralNorm)

Norm max
j

1√
dout
∥colj(A)∥2 max

i ,j
|Ai ,j |

√
din/dout∥A∥S∞

lmo colj(A) 7→ −
√

dout
colj(A)

∥colj(A)∥2
A 7→ −sign(A) A 7→ −

√
dout/dinUV

⊤

The input norm α1 and output norm βL choice dependes on the
application, e.g., for the language tasks:

Input embeddings: For the 1-hot encoded vector embedding
where ∥z∥∞ = ∥z∥2 = ∥z∥1 = 1, we can freely pick the operator
norm (ColNorm is favored since exact computation of the lmo). 5

Intermediate layers: To prevent none of the hidden states blows
up, the SpectralNorm is preferred for controlling the RMS norm.

LM head: We can bound the maximal entry through ℓ∞, which
leads to a dimension scaled sign update, i.e., the SignNorm.

5While this theoretical implication have certain limitations, AdamW can be
considered as an extended version of ColNorm from the FIM approximation
perspective as we have discussed, and as suggested by empirical practises of Muon.
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Spectrum II: Norm-Constrained Optimization

From Gradient Normalization to Weight-Norm Control

A stronger intervention is to constrain the weights themselves to some
norm-induced hyper-surface, or

Implicit Manifold Optimization:

MCSD: Manifold-Constrained Steepest Descent refers to the
framework of algorithms for solving manifold optimization problems
with lmo-based update directions under prescribed norms [29].

Explicit Optimizer Wrapper:

Hyperball: Enforces constant weight and update norms, which
constrains the optimization trajectory to lie on the surface of a
hyper-sphere with radius R [30].

Wt+1 = R · Normalize(Wt − ηR · Normalize(ut)) (12)

Spectral Sphere Optimizer (SSO): Enforces spectral
constraints on both weights and updates to a spectral sphere [31],
which realizes a fully µP-aligned optimization process [32].

Muown: Decompose the spectral norm into a row-magnitude
factor and a row-conherence factor, and explicitly learns the former
under a dual norm defined in the ℓ∞ geometry [33].

However, weight-norm control methods often trade-off peak
performance for stability under optimally-tuned hyperparameters, as
comparing constrained optimization with the unconstrained solutions. 6

6In our benchmark experiments with a scaling focus.
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Summary and Future Works

Promising Future Directions?

Besides the ‘never-ending’ proposal of new optimizers,
What kind of work is necessary and beneficial?

1 Geometry-aware analytics. Empirically and theoretically
characterize the geometric assumptions induced by different norm
constraints across applications, architectures, and training stages.

2 Unified theory of empirical success. Refine and consolidate the
theoretical interpretation of why existing optimizers work,
especially to review, compare, and guide increasingly complex
optimizer designs under a common framework.

3 Scaling-oriented analysis. Develop analytical tools that predict
large-scale training behavior beyond validation loss, since loss can
be a misleading proxy for model quality, downstream capability, or
post-training performance.

Toward Next-generation Optimizers? Simple or Complex?
Interpretable or Encapsulated? Overfitting or Generalizable?

As many promising directions co-exist, what kind of works can
eventually make impact beyond optimization?

Thank you for your attention!
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